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This paper describes the flow of a homogeneous fluid contained in a rapidly rotating
cylinder. The upper part of the cylinder rotates slightly faster, giving rise to a
discontinuity in the sidewall velocity. The Stewartson-layer structure arising at the
sidewall is essentially affected by this discontinuity. In contrast with previously
studied problems, the Et layer (K is the Ekman number) is unable to perform the
matching of the interior flow to the sidewall. It is shown that this matching is carried
out partially by the El layer and partially by the E# layer, the latter accounting for
the jump discontinuity. This paper also presents an analytical description of the flow
in the singularity region near the sidewall discontinuity.

1. Introduction

In recent years the flow of an incompressible fluid in a rapidly rotating container
has been studied in a variety of configurations. An important feature in many flow
configurations is the shear-layer structure arising at lateral flow boundaries. Shear
layers of this type were first discussed by Stewartson (1957), who showed that they
have a sandwich structure consisting of layers of thicknesses E* and E3, where E is
the Ekman number of the flow. Stewartson layers may be free, as in Stewartson’s
original problem and in the configurations studied by Moore & Saffman (1969), or
attached to a solid wall (see e.g. Johnson 1974).

In all studies (involving attached as well as detached Stewartson layers) published
thus far the matching of O(1) velocities was entirely accomplished by the Et layer,
while the E} layer only played a role in performing higher-order matching and
providing vertical transport O(E%). However, in the present paper we will investigate
a flow configuration in which the Et layer is no longer able to accomplish the O(1)
matching completely.

The configuration is sketched in figure 1. Fluid is confined in a right circular
cylinder of height HIL and radius aL, which rotates about its (vertical) axis with
constant angular velocity Qg5 = (1 —¢). The top disk and the upper section of the
sidewall rotate slightly faster with angular speed 21 = Q(1 +¢), 0 < € <€ 1, resulting
in a jump discontinuity in the circumferential sidewall velocity. Throughout this
study the fluid motion is related to a cylindrical coordinate system (r, 8, z) rotating
at angular velocity £, with z pointing in the axial direction; the corresponding
velocity components are denoted by (%, », w). For mathematical convenience lengths
and velocities are non-dimensionalized by L and e £2L respectively.

The flow at some distance from the solid boundaries is in geostrophic balance and
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Q=0 +e)

Figure 1. The geometry of the problem.

is entirely governed by the Ekman layers at the horizontal boundaries; a brief
description of these flow regions will be given in §2. At the sidewall a Stewartson layer
arises in order to bring the azimuthal interior velocity to relative rest. It is clear that
the quasi-geostrophic Ki layer is unable to account for this matching, which is in
remarkable contrast with cases studied so far. As will be pointed out in §3, the
non-geostrophic B} layer has to account for the jump in the wall velocity instead.
It turns out, however, that the E# layer cannot accomplish a complete O(1) matching
either, but the combination of both layers leads to a correct matching.

Finally, the flow in the singularity associated with the gap in the sidewall is
analysed in §4.

It should be mentioned that the flow in this configuration has also been considered
by Hocking (1962) for the special case of an infinitely long cylinder (i.e. ignoring end
effects). However, Hocking did not analyse the Stewartson-layer structure, which is
the main objective of the present paper.

2. Formulation

The steady motion of an incompressible fluid relative to a reference system rotating
with angular velocity €2 is described by

2k x v = — Vp+ EV?, (2.1a)
V.v=0. (2.1b)

Here v, p and k are the velocity vector, the reduced pressure and a unit vector in
the axial direction (k = /) respectively, while & is the Ekman number, defined
as F = v/QL? (v being the kinematic viscosity). It is assumed that the relative flow
is small enough that inertial effects may be neglected (i.e. the Rossby number e < £3).
Besides, we restrict ourselves to high rotation rates, i.e. £ < 1.
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In this paper we shall seek a solution v of (2.1) that satisfies the following boundary
conditions:
0,—r,0)

v=( (
v=(0,—a,0) (
v=(0,a0) (h<z< H, r=ua),
v=(0,7,0) (

2=0, 0< r<a),

O0<z<h, r=a), 2.2)

=H 0<r<a).

At some distance from the solid boundaries the flow is in geostrophic balance, and
is completely governed by the Ekman layers at the horizontal boundaries z = 0 and
z = H. These Ekman layers provide the usual compatibility conditions, which enable
one to derive the geostrophic velocity components:

uy=0, vy=0, w;=E (2.3)

(the subscript I refers to the interior). According to these expressions, there is no
interior motion relative to the rotating frame, except for a weak axial flow O(E})
directed towards the faster-rotating disk.

The Ekman layers carry radial O(E}) transport Q,,4, which can easily be calculated
by integrating the radial velocity components over the layer thickness, yielding

Qraalz =0) = _JZETEi’ Qraalz = H) = +%TH' (2.4)

The Stewartson layer at the sidewall (r = a) has a dual task in satisfying the no-slip
condition at the wall and producing a downward O(E?}) transport from upper to lower
Ekman layer.

3. The shear-layer structure

As usual, the Stewartson layer at the sidewall (r = a) consists of sublayers of
thicknesses Et and E}. Because of its quasi-geostrophic character (i.e. the azimuthal
velocity is independent of z), the E# layer is unable to perform the matching of the
azimuthal interior velocity v;(r = a) = O to the discontinuous wall velocity V:

=—a (0<z<h),
=+a (h<z<H).

(3.1)

This O(1) matching must then necessarily be carried out by the £3 layer. In addition,
the Stewartson layer must carry a vertical transport O(£%) from upper to lower
Ekman layer; as will be shown hereinafter, both the E! layer and the E} layer
participate in this.

3.1. The B} layer: n = 0 field

The velocity components and the pressure in the E* layer are expanded as

e o]
(w,0,w,p) = T B&n(B™, 5, @™, Bp™),

n=0
and substitution into (2.1) yields for n = 0,1, 2,3,
—20M = —jm,

257N = 5%:;),
= — ) L pn
0 B+,
@™ + T = 0,

(3.2)
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with 4 = (r—a) E-}. Elimination of $™ and %™ results in
25 = B, 2 = — 5. (3.3)

Matching the azimuthal interior velocity to the sidewall requires ¢ = O(1), and hence
n = 0. Then the boundary conditions for the » = 0 problem can be formulated as

i@, 5O 5O 50 (7> 00), (3.4a)
a® = F® =

O =—g 0<z<h) } (n = 0), (3.4b)
7O =4a (h<z<H)

D =0 (2=0,H). (3.4¢)

The n =0 field essentially produces vertical transport O(K}) which cannot be
balanced by any other layer contribution. This would necessitate an additional
condition for the @® solution requiring the total vertical O(£*) transport to be zero.
However, it can be shown by integrating the continuity equation (3.2d) with respect
to 7 that this zero-transport requirement is already implied by the boundary
conditions (3.4).

The general solutions of (3.2), (3.3), satisfying the Ekman suction conditions (3.4 ¢),
are

(0 = - Yl 4 b, e @Ynl ~uty a7 gin T2
W= 3 (a,e’"+b,e +cpe )sm—H—,

n=1
e 0]
N _ o nnz
70 =— % (a,e'""—b,e~“Yn1—c, e~ 7n7) cos 5, (3.5)
n=1
[0 0]
nnz
u(O) = — E %f}/%(an ern’ — wzbn e~ WYal —we, e—wz‘ynﬂ) coSs —Ii—-’
n=1

with y, = (2nn/H), 0 = —3+13iv/3. By applying the no-slip conditions (3.4b), the
coefficients a,, b,, ¢, can be determined: no-slip of #® and #» requires

a,+b,+¢c, =0, a,—w?,—wc, =0, (3.6)
while 5 (n = 0) should satisfy
© nmnz
Oy =0)=— X (a,—b, —c,) cos— = f(z), (3.7a)
n=1 H

with
(2) =—a 0<z<h),
/ = (3.7b)
=+4+a (h<z<H).
In order to evaluate the summation it is necessary to find a Fourier cosine-series
representation for the function f(z). Since a cosine series corresponds to an even

function, f(z) must be extended on the interval — H < z < 0, so that f(—2) = f(z). By
elementary Fourier analysis one obtains

2R\ da 2 1 ., nnh nnz
f(z) = (l<1—ﬁ>—? nz=l—7;Sln"Ti—COS _Ii— (38)

Apart from the cosine series, this Fourier expansion of f(z) contains a constant
a(l—2h/H). Hence, in view of (3.7) and (3.8), we must conclude that &® cannot
satisfy a no-slip condition of the form (3.7). Nevertheless, the obvious choice

4a . nrh

ap—b,—c, = o S (3.9)
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leads to
ﬁ‘°’(7]=0)=—a—a(1—2ﬁh> (0<z<h),
(3.10)
=+a—a(1—%) h H
17 (h <z < H).

Although it accounts for the jump 2a in the azimuthal velocity, the n = 0 field of
the E! layer is unable to satisfy the no-slip condition (3.4b) completely (except in the
special case 2 = 1H). As mentioned before, a Stewartson Et layer is quasi-geostrophic,
and therefore not able to account for the jump in the swirl velocity. However, it can
provide a matching to a constant ‘wall velocity’ V;, so that (3.10) can be reformulated
as

=0 +V,=—a (0<z<h), (3.11a)
=+a (h<z<H),
with
2k
Vo=a(1—ﬁ). (3.11b)
The coefficients a,,, b, ¢, are then found from (3.6) and (3.9), yielding
- 2¢ 1 . nmh nm
@Oy, 2) = - n{:l ,, Sin ——sin —‘[ey""‘¢1 D +3V3 $ovusm], )
) 2a . nrwh
7, 2) = —— 5 Lgn 2 COS—[GV"”+¢1 VoM —5V3 balvns7 (3.12)
T oo 1 H
2¢ 2 1 nwh nmnz
77(0) = —— —_— — nY — - 1 .
@ (y, 2) H n§1 v sin —— e H (e —S1(Vn; M =5V 3 ba(¥n: W], J
with
é1(a; ) = ¥ cos Jan /3, (3.13)
Pola;n) = ¥ sin Jan /3.

It is worth pointing out that the constant ‘wall velocity’ V; can also be derived
in an alternative way, viz by integrating (3.11a) from z = 0 toz = H. Since &% (3 = 0)
is represented by a cosine series of the form (3.7a), the integral over &% (y = 0)

vanishes, and hence HV, = —ah+a(H~h),

ho=a(1-2)

This is a general derivation of V,, in which no detailed information about the &®
solution structure is required.

It is obvious that the » = 1 field is absent in this particular shear-layer problem.
The n = 2 and n = 3 fields, however, play an important role in producing vertical
O(E*) transport and satisfying higher-order matching conditions, and will be discussed
later.

or
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3.2. The Et layer

The velocity components and the pressure in the Ef layer are expanded as

(u,v,w,p) = OZO) Ein(BXU, V, EtW, EAP),

n=0
and by substitution into (2.1) one may derive the following set of relevant equations:
U,=V,=W,, =0,
U=V
in which £ = (r—a)Et is the stretched radial coordinate. The Ekman suction
conditions Wz=0)=+iV, wz=H)=-}V,
enable one to derive from (3.14)
2 1

The V and W solutions can be determined easily, and, by requiring
V(£ = 0) = a(l —2h/H) and V({—— o0) = 0, one obtains

V() = a(l —2—;> exp [g(%ﬂ, (3.154)
W(E, 2) = a<1 —319 (%)1 (1—%> exp [g(%ﬂ (3.15b)

while the solution for the radial velocity is found from (3.14c¢):
UE) = %(1 —2—;) exp [g(%)l] (3.15¢)

These expressions show clearly that the Ei layer is completely absent if b = 1H; in
this special case the E? layer is able to perform the O(1) matching to the sidewall.
On the other hand, if the gap lies in the bottom (2 = 0) or top corner (h = H), the
matching is entirely accomplished by the K layer, the £} layer (n = 0 field) then being
absent.

The local (i.e. per unit length of circumference) vertical O(E?) transport 7'(z) in
the Ei layer can be calculated by integrating W over the layer thickness:

T(z) = f; Wdg = a(l —27:;> (é—%) (3.16)

By considering the total mass flow O(E?%) across a horizontal plane at arbitrary height
z (including contributions from the interior, the £% layer and the 3 layer), one derives
the following condition for the vertical O(E#) transport 7'(z) in the E} layer:

T(z) =—a(1—2—13)(%—%)—%a. (3.17)

In the E3 layer vertical transport O(E?) is carried by the n = 2 field, which will be
analysed next.
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3.3. The E5 layer: n = 2 field

In providing a vertical O(E?) transport as given by (3.17) and matching U(£) to the
sidewall, the n = 2 field of the E} layer plays a dual role. The boundary conditions
for this problem are

@@, 5D 5D >0 (p->—0),

7 = a® =0, (3.184)
20 = — U(E = 0) =_%(1~_%}~¢) (n=0);
5P = +% ag?(:) _+Cad) (2= 0),

jo_mﬁ)(‘e‘)d?]: —%a-a(l—%}f)é—%) (0 <z < H). (3.18¢)

In the Ekman suction conditions (3.185b) d-functions are included in order to be able
to describe possible singular flow associated with the O(E* x E}) corner regions atz = 0
and z = H. By substitution of the &® solution (3.12b), the suction conditions become

30 =0)=-2 % Ingpn m[ey"”—%\/?’ Pa(vn: M1+ Cpd(n),
Mooy M H
o (i . (3.19)
a ~ n . MR
B = H) = +2 T -T2 sin T2 [em1—51/3 $o(y, )]+ Crdl(y),
T p=1
and integration with respect to # yields
0 20 2 1 nwh h
P2z = = - — 8in —— = — ——
j—m @Bz = 0)dy - n§1n sin — +C5g a(l H)+C’B,
(3.20)
0 2a Z (—1)* . nmh ah
7(2) = = _ —_— — = ——
J_mw (z=H)dy +n nZ‘)l ——sin—; +Cp H+CT.

The general transport condition (3.18¢) requires

CB = CT = 0,
which implies that there are no corner singularities in the general case 0 < b < H.
In the special cases h = 0 and h = H, however, the situation is remarkably different:
the n = 0 field of the E?} layer then being absent, the suction conditions (3.18b) are
WA (z = 0) = Cxd(y), @B (z=H)=Cpd(y), (3.21)

with Cgy and Cp being determined from (3.18¢):

Cg=—2a, Cp=0 (h=0), } (3.22)

CB=O, CT=—2(I (h=H).
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Solutions of (3.3) satisfying the conditions (3.18a), (3.21) and (3.22) can be obtained
by standard techniques, yielding

- - . nT
B0(1,2) = 3 Anbolya;n) sin 7,
n=1
39(1,2) = — T Ay $alyain) cos 5, (3.23)
n=1
~(2) 1 X nnz
u (nvz) Z z 7 An[\/3 ¢1 Yas M +¢2 Yns M ]C’OS H° J,
n=1

with
A, =

4[Cp—(—1)"Cy] _(g@f
Hivs ~ "T\H)

However, in the general case 0 < k < H, one has to seek solutions that satisfy the
suction conditions (3.19) with Oy = Cy = 0. A similar problem has been studied by
Hunter (1967), and his approach will be followed here.

By introduction of the stream function (7, 2),

a® =, B =—y, >z =— j 50 (2,2) da, (3.24)
(3.3) can be rearranged to -
?_;l'f +4%2'/2f =0. (3.25)
In view of the transport condition (3.18¢) we take i = ¥, +¥,, with
¥1(0,2) = fa,
(3.26)

w09 =a(1-)(5-7)

The conditions (3.19) at z = 0 and z = H require
VYa(,0)= —,(n, H) = B(y),

with
@ | _(—1
Ay =5 2 = sin 2R,
® 1
B =5 £ A 'n%"F(n)

F(p) = e+ (va:m)—5V3 dolvn;n

It can easily be verified that 4(0) = }a and B(0) = 1—2h/ H). In summary, the
boundary conditions for the ¥, ¥, problems are

vo=A>n) (=0),
v, =Am) (= H); (3.28a)
¥, =1a, gﬁ— i =0 (y=0); (3.285)

Y.=+B>n) (z=0),
Wy =—Bi) (2= H); (3.292)
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= 2k 2 W R = -
tﬁz—a<1 H><2 H) oy =0 =0 (5=0). (3.29b)
The general i, solution satisfying the conditions at z =0 and z = H is
* . Muz
Val1,2) = A+ I foln) sin 5, (3.30)
n=0
and substitution into (3.25) yields an equation for f,(7)
def vi 2nn
dge Va0 =~ U= (= 1" A%, vh =" (3.31)
By integrating ¥, = —4f,,,, With respect to z, the #® solution is found:
: 1, nnz
~(2) — 1 iv = fiv e~
W =—§ AN+ B 50 cos
The conditions (3.28b) require
fn(0)=0, f7(0)= H T (1= (—=1)"14°0), f0) =~ )"141(0),
Yo

and the solution of (3.31) that satisfies these boundary conditions and tends to zero
as 7——00 can be obtained as pointed out by Hunter (1967):

on(n) =0,

44'(0
fensa(m) == Hafn)[“nﬂ—qblan, 1+ V3 alani )]

4A%(0) 8AVi(7) (3.32)
- Ha;,' [e "ﬂ—¢1(a 3\/3 ¢2 A7 ]+$< Ha?, ’
22n+1)n
Xy = Vin = —(—H—“ )
Here & (a,¢) is the solution of the sixth-order non-homogeneous equation
dsy
a2y = e

that vanishes as y->—o0 and satisfies y =y, = y,,,, = 0 at » = 0; this solution
& (o, @) is similar to that given by Hunter (1967, equation (36)).
By analogy, the general ¥, solution is

1 ~ ©
Vi) =2 (5=5;) B+ T aalo) sin "5 (3.33)
and g,(7) can be determined as above, yielding
J2n+1(1) =
43'( ),
gzn(”) = Hﬂ4 (e ﬂ”ﬂ—¢1 ﬂnn +\/3 ¢2 ﬂn’
_ (3.34)
4Bv©) , —8B(y)
e =B =33 B ]+3’(ﬂn, )
4nm

ﬂ%=)’gn=7- /



10 G. J. F. van Heyjst

This completes the analysis of the n = 2 field of the E} layer: the functions f,(y)
and g,(7) and consequently the stream functions ¥, and ¥, are now determined. The
total stream function is ¢ = ¥, +¢/,, from which the velocity components can be
derived by use of the definition (3.24).

3.4. The E} layer: n = 3 field

The » = 3 field of E* layer plays a role in matching W(£ = 0) to the sidewall; the
appropriate boundary conditions are

aA®, 5 F® 50 (p>—00);
a® = §® = 0,

3 (9 = 0); (3.35)
*® =0 (2=0,H).

Again, the general solutions are represented by (3.5), the coefficients to be determined
by applying the conditions at y = 0; this results in

7(3) _ % . . . nNR2
WV(g,2) = T Bule"1+@(Ya; 1)+ V'3 @o(¥n; )] sin 7
n=1
5(3) - — - Yl . —_— . __nnz
(yg,2) =— X B,le D1V =3 Po(¥n:n)] cos IR (3.36)
=1
~(3) 1w 2 [oYnl — . : nnz
TV(,2) = —3 T Boyyle?"— (V1) + V'3 @a(ya:7)] cos T
n=1

with

and with ¢,, ¢, given by (3.13).

4. The singularity structure

The wall velocity changes discontinuously across the gap at (r = a, z = k), and since
the vertical scale of this gap is assumed to be small, i.e. € O(1), the flow near it will
not be governed by the £* layer equations (3.2). Instead, one should apply the more
complete equations

—-2v=—2—f+E’V2u, 2u = EV*. (4.1a, b)
By assuming 0 0
—_— A~ 2 i ) = 4.2
5 5 O(E*), w<v=0(1) (4.2)
one finds 24 € EV? = O(1), or equivalently
%y AP 0 4.3
Vi = (w—k@)v =V, ( . )

where p = (r—a)E} and { = (z—h) E1 are the stretched radial and vertical co-
ordinates respectively (see figure 2). From (4.1a) one derives p = O(E*), and hence

op
dp

showing that the radial Coriolis force is balanced by the radial pressure gradient only.

20 =

3
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p=0)=+a

op=0)=—a
Fraure 2. The geometry of the singularity at the gap.

The solution of (4.3) must satisfy the following boundary conditions:
>0 (p—>—00),
t=—a (=0, {<0), (4.4)
t=+a (=0, {>0).
A similar problem with a jump in the boundary conditions has been studied by
Steketee (1966), who showed that solutions of the form
¢

v~ tan_lg, tan™1=

are able to account for a jump discontinuity. In the present problem only the latter
solution is relevant, and applying the conditions at p = 0 yields

U= gqtan_lg. (4.5)
T p

Because 9(p—>—0o0) =0 and ¢({—>+to0)=1a, this solution presents a correct
description of the flow in the vicinity of the gap in the sidewall.

The author is much indebted to Professor L. van Wijngaarden for his useful
suggestions concerning the singularity structure and also to a referee for his valuable
criticism.
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